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Abstract 

We introduce the 4D Cooccurrence of Gray Level Run 
Length Matrix. Adaptive texture features are obtained by 
weighted summations of the associated 2D sum and dif 
ference matrix elements, using class distance matrices as 
weights, and the positive/negative parts of the class differ-
ence matrices as the domains of the summation. This is 
applied to about 2000 liver cell nuclei from two classes. 

1 Introduction 

Visual textures are spatially extended patterns of more 
or less accurate repetitions of some basic elements, called 
texels. In digital images each texel usually contains several 
pixels, and it-; characteristics and placement can be periodic, 
quasi-periodic or random. Natural textures, e.g. biomedical 
textures, are generally more random, but may well contain 
strong elements of a deterministic or quasi-periodic nature. 

Texture perception is an important element in both hu
man vision and in computer based analysis of digital im
ages. Applications of digital texture analysis range from 
remote sensing to medical diagnosis. For the automated 
analysis of visual textures, a number of texture operators 
have been developed. These can broadly be divided into 
two groups; structural ([4],[10],[32],[22]) and statistical 
([13],[21],[20],[15],[11], [27],[28],[29],[30],[3],[19]). 

The cooccurrence-based approach to the analysis of vi
sual textures has demonstrated a number of successful im
plementations since Haralick et al. introduced the method 
in 1973 [13]. The run-length matrix method of Galloway 
[11] has also proved to be useful, but has only been used in 
a smaller number of published applications. 

A deficiency of the Gray Level Cooccurrence Matrix 
(GLCM) method is that features are global averages across 
entire (sub)images rather than direct meao;urements within 
the scale of a texel. The spatial displacement parameter 
in the GLCM method can only indirectly capture this in
formation, and a large number of GLCM accumulations 
are needed before the geometric properties (e.g. quasi
periodicity, orientation) of texels can be estimated [18],[3]. 

The strenght of the Gray Level Run Length Matrix 
(GLRLM) approach [11], [5] is that it characterizes the spa
tial interrelationship between connected and colinear pixels 
in a visual textural pattern that are so close in gray level that 
they form "gray level runs". Its weakness is that it does not 
capture the shape ao;pects of the texture primitives.- How
ever, it comes much closer to doing this than the GLCM 
approach [13], at the cost of discarding information on the 
probabilities of transitions between gray levels. 

The GLCM will predominantly capture statistics of gray 
level variations within structures/texels, and only a small 
part of the statistical content of the matrix refers to the 
transitions between structures/texels. This led Davis et al. 
[8],[9] to develop and evaluate generalized cooccurrence 
matrices (GCM) based on local maxima of the gradient im
age of the texture, thus basing the cooccurrence matrix on 
gradient magnitude and orientation of local gradient max
ima, and using spatial constraint predicates instead of spe
cific geometric distances. 

In the present study we will form a small set of statisti
cal texture features based on the combination of four simple 
concepts, with a minimum of pre-defined parameters: First 
we will introduce the 4D Cooccurrence of Gray level Run 
Length Matrix, which may be applied to e.g. neighboring 
gray level runs in digital images. Secondly, we will use its 
associated 2D sum and difference matrices. Thirdly, we will 
eliminate the classical step of pre-defined feature extrac
tion from such second order probability matrices. Adaptive 
texture features are obtained by using squared Mahalanobis 
clao;s distance matrices as weight-; in a weighted summation 
over parts of the 2D sum and difference matrix elements. 
Finally, we will use the disjoint positive/negative part<; of 
the class difference matrices as the domains of the weighted 
summation, in order to differentiate between the two prin
cipally different kinds of class differences that may occur. 

This high order statistical texture feature extraction 
scheme will be applied to the peripheral parts of about 2000 
mouse liver cell nuclei from two classes, normal and pre
malignant, and the classification results will be compared 
to that of the classical Gray Level Run Length Matrix fea
tures. 
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2 Cooccurrence of Gray Level Run Length 
Matrix Method 

The Gray Level Run Length Matrix method is a way of 
extracting higher order statistical texture information. The 
technique ha'l been described and applied by Galloway [11] 
and by Chu et al. [5]. A set of consecutive pixels with the 
same gray level, colinear in a given direction, constitute a 
gray level run. The run length is the number of pixels in the 
run, and the run length value is the number of times such a 
run occurs in an image. 

The Gray Level Run Length Matrix as defined by [11], 
[5] is a two-dimensional matrix in which each element 
p(i,jiO) gives the total number of occurrences of runs of 
length j at gray level i, in a given direction 0. 

Such a matrix is not invariant to image size. We there
fore form the normalized Gray Level Run Length Matrix, 
P( i, j), containing the probability of occurrences of runs of 
length j at gray level i, 

P(i,jiiJ) = p(i,jiO) 
2:~1 Ef=lp(i,jiO) 

(1) 

p(i,jiO) ( .. ) {( ) (G R)} 
8 , 21 J E 1,1 , ... , , , 

where 8 is the total number of runs in the image, G is the 
number of gray levels, and R is the maximum run length. 

The number of gray levels, G, in the image is often re
duced by re-quantization prior to the accumulation of the 
matrix. Here we have used G = 16. The matrix values will 
often taper off into a "tail" of longer run lengths. To han
dle this, the run lengths are here partitioned logarithmically 
into ranges, i.e. 1, 2-3, 4-7, 8-15, 16-31, etc., giving a total 
of 8 run lengths. 

As an alternative to the above mentioned methods, we 
now introduce the Cooccurrence of Gray Level Run Length 
Matrix method, CGLRLM. The four dimensional normal
ized matrix P(i,j, k, liO) may be seen as a natural ex
tension of the two dimensional gray level run length ma
trix, containing the probability of cooccurrence of two runs 
of (graylevel,runlength)=(i, j) and (k, l). In general, one 
could specify any geometrical relationship between the two 
runs. However, the most fruitful relationship to capture as
pects of the texture primitives is to consider neighboring 
runs. Run length information for this probability distribu
tion matrix may be obtained along orthogonal directions in 
the image. If the texture is a'lsumed to be isotropic, the run 
length information obtained along orthogonal directions in 
the image may be averaged. Run length statistics along di
agonal directions should be geometrically corrected before 
averaging. If texture anisotropy is important, the matrices 
from different directions should be concatenated, not aver
aged [17]. 

39 

As shown by Unser [24], the ordinary two dimensional 
cooccurrence matrix may be replaced by its ac;sociated sum 
and difference histograms, as the sum and difference define 
the principal axes of the second order probability distribu
tion function of a stationary random process of two vari
ables with the same variance. Unser also introduced a set 
of global histogram measures, and demonstrated that the 
usual (Haralick) texture features (or some close approxima
tions) ac;sociated with the cooccurrence matrices could be 
computed directly from the sum and difference histograms. 
Unser [24] obtained almost as goqd classification results us
ing this less computationally demanding approach as com
pared to the full GLCM treatment. 

Following this line, two independent runs of 
(graylevel,runlength)=(i,j) and (k,l) may be viewed 
a'l two random variables with the same variance. Thus, 
the four dimensional normalized cooccurrence probability 
matrix P(i,j, k, l) may be replaced by its associated 2D 
sum (Ps) and difference (Pd) run length matrices. So for 
all neighboring runs, the sum and differences of the two 
graylevels and the two run lengths should be computed, 
and the entries in the two matrices accumulated. Finally, 
the sum and difference run length matrices should be 
normalized. 

3 Feature extraction 

The texture features that we extract from the images and 
use as the basic input to our analysis and decision should 
ideally characterize the statistical or structural relationship 
between pixels (or texels), and provide measures of proper
ties such as contrast, smoothness, coarsness, randomness, 
regularity, linearity, directionality, periodicity, and struc
tural complexity within the image. 

In both the GLCM and GLRLM methods, as well as 
in the GCM method, a set of statistical features are used 
to characterize properties of the respective matrix directly, 
and of the associated image only indirectly. Thus, the fea
ture extraction is performed by computing a number of pre
defined, (ad hoc) weighted sums of matrix elements, ei
ther based on the value of each matrix element or based 
on the position of the element within the matrix. The non
uniformity features of Galloway [11] and Chu et al. [5] 
use value-dependent weights, while the others are simply 
position-dependent weight'l. Each of these latter feature 
weights only contain run length or gray level, never both of 
them. So all the pre-defined features of Galloway [11] and 
Chu et al. [5] may be calculated without actually accumu
lating a 2D GLRL matrix. Only the two arrays r(jiiJ) and 
g(iiiJ), i.e. the number of runs of length j and the number 
of runs of gray level value i, have to be accumulated. This 
implies that complex structures in P(i,j) are not captured 
in any single feature. 
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In a similar manner, a number of features could be ex
tracted from the 4D CGLRL matrix - or rather from the 
two associated 2D sum and difference matrices, forming 
a feature vector. However, a major problem in visual tex
ture analysis is that we often have a large number of fea
ture combinations to choose from, and that the features are 
static and pre-defined. Thus, the individual features do not 
adapt to the problem at hand, but we may still get over
optimistic results. The ordinary GLCM method [13] is a 
good example of this, with it~ large number of pre-defined 
features combined with a number of free parameters (num
ber of gray levels, inter-pixel distance, orientation, ... ). Vari
ous feature selection schemes may then be applied to select 
the best subset of features. Identifying these few consis
tently valuable features is important for many applications 
as it improves reliability and enhances our understanding of 
the phenomena that we are modelling. 

Vickers and Modestino [25] were among the first to ar
gue that using pre-defined features from the cooccurrence 
matrix in a texture classification situation is suboptimal and 
that better results would be obtained using the cooccurrence 
matrix directly in a ML-cla~sifier. This is probably also the 
first time 3D plots of estimated GLCM probability matrices 
for each class have been shown for several inter-pixel dis
tances. Walker [26] wa~ first to use 3D GLCM matrices and 
generalize the pre-defined features to optimized weighted 
sums of connected matrix elements so that a feature can in
clude matrix elements across several inter-pixel distances. 

Albregt~en et al. [1] suggested using class distance ma
trices for the GLRLM method, and combining information 
from the entries of the normalized run length matrix, based 
on the class distance matrices. Similarly, we now suggest 
optimizing the feature extraction from the cooccurrence of 
run length matrices. 

For each cell nucleus we obtain a cooccurrence of run 
length matrix. Subsequently, for each element of the matrix, 
we may form the class conditional distribution of the nor
malized matrix value. Hence, we may compute the average 
normalized matrix for each class, class difference matrices 
(i.e. the difference matrices between the average normalized 
matrix for each class), and finally the Mahalanobis cla~s dis
tance matrix. We then determine whether there exist regions 
of consistently high values within the class distance matrix, 
and form adaptive texture features for each image by sum
ming the local values of the cooccurrence of runs matrix 
using the distance matrix values a~ weight~. 

If we assume that G = 16 and R = 8, there are 
G2R2/(2(2G-1)(2G -1)) ~ 17.6 times more matrix bins 
to populate in the 4D matrix than in the two 2D matrices. 
Because of this significant dimensionality reduction it will 
be more relevant to use the 2D normalized sum run length 
matrix, Ps(C'l/Jiwl,Z),~ = i + k E {2,2G},'I/I = j +lE 
{2, 2R}, ana the 2D normalized difference run length ma-

trix, Pd(r,olwi,z),-y = i- k E {-G + 1,G -1},o = 
j- l E { -R + 1, R- 1}, for each cell nucleus from the 
two classes w1 and wz. 

We note that now two class difference matrices tl have 
to be used, one computed from the two sum run length ma
trices and one from the two difference run length matrices 

As(~, '!/liPs) = Ps(f., 1/llw1) - P.(f,, 'l/Jiwz) 
tld('Y, oiPd) = Pd('Y, 8lw1) - Pd('Y, oiwz) (2) 

where Pk(., .lwn) is the average normalized sum (k = s) or 
difference (k =cl) run length matrix for a given class wn. 

Likewise, two Mahalanobis class distance matrices must 
be used, Mw 1 ,w2 (~, 1/IIPs(f., 1/1)) for the sum run length ma
trices, and Mw 1 ,w2 (-y, oiPd('Y, 8)) for the difference run 
length matrices. In the four features defined below, we also 
utilize the fact that in the two-class problem, the class dif
ference has a sign, depending on whether the first or the 
second class matrix contain the highest local probability. So 
the weighted summation is performed over the two disjoint 
partitions of the cla~s difference matrices 

n+(LlsiP.) = {f.>l/JIAs(~,,Pifis) 2: 0} 
f!_(tlsiPs) = {f.,'l/lllls(f.,'I/IIPs) < 0} 

n+(tldiPd) = {'Y, 8ltld('Y, 61Pd) 2: o} 
n_(tJ.diPd) = {'Y, oltld('Y, oiPd) < o} (3) 

The four features from the sum and difference run length 
matrices for an image from cla~s wn. where nE {1, 2}, are 
then given by 

Fa+= L Pa(~,t/Jiwn) [Mwl ,W> (~,t/JIFa(€,t/J))t 
O+(t..I.P.) 

F._= L Pa(€,t/Jlwn) (Mw1,w2 (€,t/JIP.(e,t/J))t 

Fd+ = L Pd{--t,&lwn) [Mw1,w2 ('Y,o!Pd('"f,o))) 2 

o+(t.di.Pd) 

Fd_ = L Pd('"f,&lwn) [Mw1ow 2 ('Y,oJPd(/',&))) 2 
(4) 

o _ (t.di.Pdl 

We compare the above features to the usual GLRLM fea
tures [11], [5], noting that we have redefined GLN and RLN 
to be invariant to the size of the image containing N pixels: 

SRE = 2::1 2::=1 P{i,j)/j2 

LRE = 2:7=1 L:=lj2P(i,j) 

GLN = L:1 (2::~1 P{i,j)r 

RLN = 2::=1 (2::~1 P(i,j)r 

RP =-liS 
LGRE = L~1 L:=1 P(i,j)/i2 

"'G "'R ·2p(· ') HGRE = wi=1 61= 1 z z,J (5) 
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4 Thelmages 

In order to illustrate the application of the texture feature 
extraction method, we have chosen the hepatocyte nuclei of 
normal liver and hyperplastic nodules (premalignant) from 
a controlled experimental carcinogenesis experiment on in
bred mice [6],[7]. Care and treatment of animals, prepara
tion of liver specimens, and preparation of liver sections are 
described in [16], where the full range of four classes are 
included. The "normal" (non-proliferating) class consisted 
of liver samples from five animals. The ''noduli" cla'>s in
cluded 15 nodules (0.5-2 mm in diameter) isolated by liver 
perfusion of 15 mice. The value of each texture feature used 
here to classify each sample (lesion) was the mean value of 
about 100 cell nuclei from each sample. Figure 1 shows 
examples of nuclei from the two cla">ses. 

Ultrathin liver sections (60-90 nm) were studied at a 
magnification of 2500 in a transmission electron micro
scope. The cell images were recorded on photographic film 
and were examined using a video camera to capture the pos
itive electron micrographs (total magnification 7500). The 
images of cell nuclei were selected at random from a larger 
set of cell images from each sample. Each nuclear image 
wa'> stored in 512 x 512 x 8 bits, and the pixel resolution 
wa'l 39 nm per pixel on the cell specimen. 

A 3 x 3 median filter was applied in order to reduce pos
sible noise without too much unwanted altering of the local 
texture. Thi.'l wa'> followed by a manual segmentation to ex
tract the cell nucleus a'> the region of interest. Subsequently, 
the histograms of all images were normalized to the same 
mean value (127.5) and standard deviation (50.0). The gray 
level value 255 was used as background. 

Of particular interest is a quantification of the tendency 
of condensed heterochromatin to be located adjacent to the 
nuclear envelope [31]. We have shown earlier [16] that the 
cla">sification performance of several textural features were 
enhanced when separate estimates were made in the center 
and periphery of the cell nuclei. 

A spiral scanning algorithm was used for the cell images, 
employing a backtracking bug follower [2],[16]. Starting 
with the segmented cell nucleus, we follow the (outer) con
tour of the nucleus, and spiral inwards as we peel off layers 
of pixels from the nucleus, forming a 1D gray level signal. 

Using this "peel-off-scanning", it is straightforward to 
get a separate treatment of center and periphery which 
would be hard to achieve when using GLRL matrices based 
on orthogonal directions. Assuming a local directional 
isotropy in the texture of the nuclear chromatin, the approxi
mately tangential direction of the "peel-off-scanning" is the 
natural choice. As demonstrated by Nielsen et al. [16], the 
outer 25 - 30% of the cell nuclei contains important texture 
information about the differences between the classes. The 
1D gray level signal resulting from the "peel-off scanning" 

Figure 1. Examples of liver cell nuclei from normal 
(top) and noduli (bottom) samples. The borders be-
tween the 30% peripheral and 70% central part are 
outlined as a thin white line. 
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of each cell nucleus was therefore divided into a peripheral 
30% and a central 70% segment, and the GLRL matrices 
were accumulated from the peripheral segment. 

5 The Classifier 

Bayesian cla'isification with equal prior probabilities for 
each class was used as the rule for classification. The value 
of each texture feature used here to cla'lsify each sample 
was the mean value of about 100 cell nuclei. The feature 
distribution within each cla'ls was a">sumed to be multivari
ate normal and the within-class covariance matrices were 
assumed equal. Because of the small number of samples 
available, we have used the leave-one-out method to esti
mate the misclassification rates. Thus, the same data set 
was used both to define and evaluate the linear discriminant 
functions. However, for each cycle of the leave-one-out, 
new class difference and Mahalanobis class distance matri
ces were obtained. 
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6 Results 

The difference between the mean normalized sum run 
length matrices Ps(f., 'ljJjw1) and Ps(~, 'I./Jiw2), and the dif
ference between the mean normalized difference matrices 
Pd('y, 8jw1) and Pd('y, 8jw2), extracted from the premalig
nant and normal classes, respectively, together with the cor
responding CGLRLM Mahalanobis Class Distance Matri
ces are shown in Figures 3 and 4. 

The clac;sification performance of the best single features 
from l) the seven clac;sical pre-defined GLRLM features 
and 2) the set of four new adaptive features are given in 
Table 1. For each texture feature, the table also gives the 
statistical Bhattacharyya distance , J B ( w1 , w2 ), between the 
classes w1 and w2 [12], ac;suming normal distributions of 
features within each clac;s. Each of the single features listed 
in the table classified one (ERR=5%) or two (ERR=lO%) 
noduli samples as normal. 

Table 1. The Bhattacharyya distance between the 
classes and the classification error estimated by the 
leave-one-out method are given for the best 1) clas-
sical GLRIM features, 2) new adaptive features ex-
tracted from CGLRIM. The features are extracted 
from the 30% peripheral part of the cell nuclei. 

Method I Features I J B I Error (%) 
classical GLRLM SRE 1.50 10 
classical GLRLM LRE 1.21 10 
classical GLRLM RLN 1.45 10 
classical GLRLM RP 1.06 10 

adaptive CGLRLM F. 0.87 10 
adaptive CGLRLM Fs_ 1.30 5 
adaptive CGLRLM Fd+ 1.35 5 
adaptive CGLRLM Fd 1.33 10 

25,-----~-~~~--, 

20 

15 

ID a 

g~. -7~.~~~1~.1~172 -71 .~3 -71 .• ~1~ .• -71.6 

Figure 2. Estimated upper and lower Chernojf 
bounds on the Bayesian classification error, together 
with the classification error estimated by the leave-
one-out method, for the eight features ofTable 1, as a 
function of the distance between the classes. 

Figure 3. Top: The difference between the mean 
CGLRL sum matrices from the premalignant and the 
normal classes. The lighter areas correspond to ma-
trix elements that are more probable for the pre-
malignant class than for the normal class and the 
darker areas correspond to elements that are less 
problable for the premalignant class than for the nor-
mal class. Bottom: The Mahalanobis distance matrix 
between the normal and precancer classes, based on 
the CGLRL sum matrices. The intensity corresponds 
to distance value. 

7 Discussion 

From the Bhattacharyya class distances J8 in Table 1, 
we may estimate upper and lower bounds on the Bayesian 
clac;sification error [12]. As shown by Figure 2, the clas
sification error estimated by the leave-one-out method falls 
nicely between the Chemoff bounds for all eight features. 

A provision for a matrix entry to be used in one of the 
four features should be that it is part of a connected set of 
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Figure 4. Top: The difference between the mean 
CGLRL difference matrices from the premalignant 
and the normal classes. The lighter areas corre-
spond to matrix elements that are more probable for 
the premalignant class than for the normal class and 
the darker areas correspond to elements that are less 
problablefor the premalignant class thanfor the nor-
mal class. Bottom: The Mahalanobis distance matrix 
between the normal and precancer classes, based on 
the CGLRL difference matrices. The intensity corre-
sponds to distance value. 

localized and consistently high values in the class distance 
matrix. It is evident from Figures 3 and 4, and also im
plicitely from Figure 5 that this provision is fulfilled. 

From Figure 5 (top) one may observe that a gray level 
difference of one between neighboring runs is more proba
ble within the peripheral part of nuclei from the premalig
nant class than for normal nuclei, while larger gray level 
differences (from two to five) are more probable in the pe
ripheral part of normal cell nuclei. 

This explains the higher probability of odd number sums 
of gray levels in the premalignant clao;s, as seen in Figure 3. 
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Figure 5. The difference between the transition prob-
abilities between neighboring runs, as a junction of 
the absolute value of the difference between the gray 
level values (top), and as a junction of the absolute 
value of the difference between the run length values 
(bottom), computed from the premalignant and nor-
mal classes. A positive value indicates a higher prob-
ability of occurrence in the premalignant class. 

It also maps directly onto a horizontal profile through Fig
ure 4 (top). Neighboring runs with equal run lengths are 
more probable for normal nuclei than for nuclei from the 
premalignant class, while run length differences of two and 
three (note the logarithmic partitioning) are more probable 
for nuclei from the premalignant class (see Figure 5 (bot
tom)). This is similar to a vertical profile through Figure 4 
(top). 

It is known that carcinogenesis can involve alterations 
of normal gene regulation [7], giving both an increased 
amount of as well as structural differences in the chromatin 
[14], [23], [31]. Of special interest for us is a quantification 
of the chromatin structure close to the nuclear membrane. 
There is a qualitative visual impression that the peripheral 
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Figure 6. The two best features, Fs_ (horizontal 
axis) and Fd+ (vertical axis) for samples from the 
normal (o) and noduli (6) classes. 

condensations of heterochromatin are larger in the prema
lignant than in the normal cla<>s. The higher probability of a 
gray level difference of only one in the premalignant class 
points to the fact that the gray level surface structures are 
larger, making the gray level surface less complex. 

It is evident from Figure 1 that the manual segmentation 
is not always perfect. However, the 30% peripheral segment 
seems to be able to capture the condensed heterochromatin 
located adjacent to the nuclear envelope. 

We note that the (dark) nucleoli are randomly present in 
some of the nuclear images, and that these have not been 
removed by segmentation (see Figure 1). Thus, they may 
influence the texture parameters extracted from the periph
eral part of each single cell. However, as the value of each 
texture feature used here to classify each sample (lesion) is 
the mean of about 100 cell nuclei, this should not bias the 
result<>, unless the probability of nucleoli occurring in the 
two segment<> differ significantly between the classes. 

Figure 6 shows a scatter plot of the two best new adaptive 
features. Evidently, the two features are correlated, but they 
still serve to show the within-class variation as well a<> the 
gradual transition between the normal and the premalignant 
classes. 

The proposed feature extraction from Coocurrence of 
Gray Level Run Length Matrices may be generalized to 2D 
and even 3D images, and we may also concatenate matri
ces if other configurations than neighboring runs are to be 
included simultaneously. 

8 Conclusion 

We have introduced the concept of 4D Coocurrence of 
Gray Level Run Length Matrices. We have used the a<>so-

ciated 2D sum and difference matrices derived from neigh
boring pairs of (run length, gray level value). This has been 
applied to the lD gray level signal obtained by "peel-off
scanning" of the 30% peripheral parts of cell nuclei in TEM 
images of normal and noduli liver cells of in-bred mice. We 
have constructed new adaptive texture features by weighted 
summations over these two 2D matrices, using the Maha
lanobis class distance matrices as weights, and using the 
disjoint positive/negative parts of the class difference ma
trices a<> the domains of summation. Using these weight 
masks to extract just four features from each cell nucleus, 
and using the average of about 100 cell nuclei per sample 
for cla<>sification, we have found that two of the new sin
gle features give a 95% correct cla<>sification, a<> opposed to 
90% for the classical GLRLM features when applied to the 
same 1D gray level signals. 

We note that this way of obtaining CGLRLM feature 
weights eliminates the pre-defined element<> of the classical 
GLRLM technique, as it is adaptive to the actual location of 
consistently high cla<>s distance values within the sum and 
difference gray level run length matrices. 

Work is in progress on testing this approach on other 
probability matrix and probability vector based methods. 
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